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Abstract 
An analytical method for vibration and buckling behaviours of Functionally Graded (FG) beams with 
various boundary conditions under mechanical and thermal loads is presented. Based on linear strain-
displacement relations, equations of motion and essential boundary conditions are derived from 
Hamilton’s principle. In order to account for thermal effects, three cases of the temperature rise 
through the thickness, which are uniform, linear and nonlinear, are considered. The exact solutions 
are derived using the state space approach. Numerical results are presented to investigate the effects 
of boundary conditions, temperature distributions, material parameters and slenderness ratios on the 
critical temperatures, critical buckling loads, and natural frequencies as well as load-frequencies 
curves, temperature-frequencies curves of FG beams under thermal/mechanical loads. The accuracy    
and effectiveness of proposed model are verified by comparison with previous research. 
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1. Introduction 
Functionally graded materials (FGMs) are a class of composites materials in which the material 
properties gradually vary in a specific direction. By this way, the distribution of strength and stiffness 
can be customised in a designable manner and the delamination which may occur in laminated 
composites can be avoided. Due to the excellent properties in mechanical and thermal behaviours, a 
wide range of application for functionally graded (FG) structures can be found in different fields, 
leading to the intensive study in many types of FG structures in the last three decades.  
By using various theories such as The Classical Beam Theory (CBT), First-order Beam Theory 
(FOBT), Higher-order Beam Theory (HOBT), Quasi-3D beam theory and Carrera Unified 
Formulation (CUF), many numerical methods have been developed to deal with vibration and 
buckling behaviours of FG beams under mechanical/thermal loads. Some of popular numerical 
approaches are Lagrange multipliers, Rayleigh Ritz method, dynamic stiffness formulation, 
Chebyshev collocation method, finite element method and differential quadrature method [1-15]. For 
analytical approaches, a Navier solution has been widely used to study various mechanical 
behaviours of simply supported beams [16-20]. In addition, another analytical solution based on the 
state space approach, which can deal with different boundary conditions, was proposed by Khdeir 
and Reddy [21-23] to study the behaviour of cross-ply laminated beams. This approach was also 
applied for the vibration analysis of FG and FG sandwich beams [24, 25]. Regarding the thermal 
environment, FG beams can be designed in a smart way to adapt the environment changes, which 
results in a good attention in studying such behaviours. Sankar and Tzeng [26] used CBT to study the 
thermal stresses of simply supported FG beams. The FOBT was employed to investigate various 
behaviours of FG beams such as dynamic responses under a moving load [27], thermal stability with 
non-linear hardening elastic foundations [28], thermal dynamic buckling [29], and thermal buckling 
and post-buckling with non-linear elastic foundation [30]. Wattanasakulpong et al. [31] used Ritz 
method based on the HOBT to study the buckling and vibration of FG beams, however, it was limit 
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on uniform temperature distribution only. Based on CUF, Giunta et al. [32] developed Navier 
solution to analyse the static behaviour of FG beams under thermo-mechanical loads. However, as 
far as the authors are aware, there is no analytical solution for vibration and buckling of FG beams 
using HOBT with various boundary conditions under mechanical/thermal loads in a unitary manner. 
In addition, effects of various temperature distributions on natural frequencies and critical 
temperatures of FG beams are also need further studies. As a result, it is also the main objective of 
this paper. Based on linear strain-displacement relations, equations of motion and the essential 
boundary conditions are derived from Hamilton’s principle. State space-based analytical approach is 
used to obtain closed-form solutions for FG beams with various configurations. Three cases of the 
temperature rise through the thickness, which are uniform, linear and nonlinear, are considered. 
Numerical results are presented for FG beams with various boundary conditions, temperature 
distributions and slenderness ratios to investigate the critical temperatures/loads, and natural 
frequencies as well as load-frequencies curves, temperature-frequencies curves. The accuracy and 
effectiveness of proposed model are verified by comparison with previous research.  
2. Theoretical formulation 
2.1. Functionally graded beams and temperature-dependent material properties 
Consider a FG beam made from metal and ceramic with the span of a  and rectangular cross-section 
of b h×  , as shown in Fig.1. Volume fraction of ceramic is given by power law distribution: 
( ) 1
2
p
c
zV z
h
 = + 
 
  (1) 
where p  is the material parameter. 
The thermo-elastic material properties are considered as a function of temperature T  and can be 
calculated for ceramic and metal as described in [33]: 
( ) ( )1 2 30 1 1 2 31P T P P T PT PT PT−−= + + + +  (2) 
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where P  denotes Young’s modulus E , mass density ρ and thermal expansion coefficient α , 
respectively. 1 1 2, ,P P P−  and 3P   are the temperature dependent coefficients, which are listed in Table 
1 for various materials. Fig. 2 presents the material properties of ceramics and metals with respect to 
the temperature change. Based on the power rule together with the temperature-dependence 
described in Eq. (2), the typical material properties ( ),P z T  of beam through the thickness are 
described as: 
( ) ( ) ( ) ( ) ( ), c m c mP z T P T P T V z P T= − +     (3) 
The material properties are calculated by Eq. (2) for ceramic and metal at the specific temperature 
and followed by Eq. (3) to obtain the values at z  . It should be noticed that the Poisson’s ratioυ  is 
evaluated as the average of ceramic and metal values at 0 300T K= .  
2.2. Temperature distribution 
2.2.1. Uniform Temperature Rise (UTR) 
The temperature of the whole beam is assumed uniform and increased from 0 300T K=  to the current 
value. It means that the temperature at a point is ( ) 0T z T T= + ∆ , where ∆T  is the temperature rise. 
2.2.2. Linear Temperature Rise (LNR) 
The temperature in the ceramic and metal faces of FG beam is assumed to be Tc and Tm. In this case, 
the temperature on the metal surface is supposed to be 305=mT K , whereas on the ceramic surface it 
is surged to 0cT T T= + ∆ . With the assumption of linear distribution, the temperature through the 
thickness can be determined as: 
( ) 1
2m
zT z T T
h
 = + ∆ + 
 
  (4) 
2.2.3. Non-linear Temperature Rise (NLNR) 
The applied temperature is similar to the case of LNR; however, the temperature distribution is set to 
follow the heat conduction rule and obtained by solving the steady state equation [27] as:  
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( )
( ) ( ) ( )
( ) ( )
2 3
1 2 1 3 1
2 3
4 5
4 1 5 1
4 5
1 2 1 3 1
4 1 5 1
p p pcm cm cm
f f f f
cm m mc m
m
p pcm cm
f f
m m
K K KV V V V
p K p K p KT TT z T
C K KV V
p K p K
+ + +
+ +
 
− + − + + +−  = +  
 + + 
− +
   (5) 
where 
( ) ( ) ( ) ( ) ( )
2 3 4 5
2 3 4 51 1 2 1 3 1 4 1 5 1
cm cm cm cm cm
cm m m m m
K K K K KC
p K p K p K p K p K
= − + − + −
+ + + + +
; cm c mK K K= −   
and cK  and mK  are the thermal conductivity of ceramic and metal calculated at the surfaces. 
2.3. Kinematics 
Assuming that the deformation of FG beam is only in the x z−  plane and let ( ), ,u x z t and ( ), ,w x z t  
be the axial and transverse displacements at an arbitrary point. These components can be expressed 
in terms of the displacement components on the neutral line as: 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3
' '
2
4, , , , , , , ,
3
ϕ ϕ
 
= − + − = − + 
 
x x
zu x z t U x t zW x t z x t U x t zW x t f z x t
h
  (6a) 
( ) ( ) , , ,w x z t W x t=    (6b) 
where ( ),U x t , ( ),W x t  and ( ) ,x x tϕ  denote the displacements along ,x z  axes and the rotational 
angle at a point on the neutral line. The prime (‘) expresses the derivatives of the functions in 
accordance with x  coordinate. 
Based on the linear strain –displacement relations, the axial and shear strains can be given as: 
( )' '' 'ε ϕ∂= = − +
∂x x
u U zW f z
x
 (7a) 
( )
2
2
41γ ϕ ϕ
 ∂ ∂
= + = − = ∂ ∂  
xz x x
u w z g z
z x h
 (7b) 
where ( )
2
2
41
 
= = − 
 
df zg z
dz h
. 
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2.4. Variational formulation 
The governing equations of motion are obtained based on Hamilton’s principle, which is expressed 
as: 
( )2
1
U V 0
t
t
K dtd d d+ − =∫  (8) 
where Ud , Vd  denote the virtual variation of the strain energy, external work by axial load or 
thermal expansion and Kd  is the kinetic energy.  
The virtual variation of the strain energy is given by: 
( )2 2
0
2 2
U
a hb
a h x x xz xz dzdydxd σ dε σ dγ− −= +∫ ∫ ∫ ( )
' '' '2
2
( )
a
a x x x x xz xN U M U P Q g z dxd d dϕ dϕ−= − + +∫   (9) 
where the stress resultants , , x x xN M P  and xzQ can be defined as: 
2
2
h
hx xN bdzσ−= ∫   (10a) 
2
2
h
hx xM bzdzσ−= ∫   (10b) 
( )2
2
σ
−
= ∫
h
hx xP bf z dz   (10c) 
2
2
h
hxz xzQ bdzσ−= ∫   (10d) 
The virtual variation of the external work in linear buckling analysis can be determined as: 
' '2
0
2
a
aV PW W dxd d
−
= −∫     (11) 
Where 0P  is the mechanical load or the thermal stress resultant, which is discussed in next section. 
Finally, the virtual variation of the kinetic energy is formed as: 
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( ) ( )
( ) ( )
2
2
2
. . . .
' ' ' '
0 1 2
2
. .
2 ' '
      
a
a
f x xa
a
fz x x x xf
K u u w w z bdx
I U U W W I W U U W I W W I U U
dx
I W W I
d d d ρ
d d d d d ϕ d dϕ
ϕ d dϕ ϕ dϕ
−
−
= +
  
+ − + + + +  
  =   
 − + +    
∫
∫
   
        
   
  (12) 
where (.) denotes the time derivative, and 
( ) ( ) ( )2 2 220 1 2
2
, , , , , 1, , , , ,
h
hf fz f
I I I I I I z z f zf f z bdzρ
−
= ∫   (13) 
2.5. Constitutive equations 
The stress-strain relation for elastic FG beams can be written as: 
( ) ( )( )0 11 Tx x x xE z z T T Qσ ε α ε σ= − − = +      (14a) 
( ) 552 1xz xz xz
E Qσ γ γ
υ
= =
+
  (14b) 
Where ( )11Q E z= , 
( )
( )55 2 1
E z
Q
υ
=
+
 and ( )( )0Tx E z T Tσ = − .  
The stress resultants are described in terms of displacement components by substituting Eq. (7) into 
Eq. (14) and replacing the outcomes to Eq. (10), as shown in Eq. (15): 
( )
'
''
'
0
0
0
0 0 0
ϕ
ϕ
      
       −      = −                       
T
xx
T
x x
T
x x x
T
xz s x x
U NN A B B
M B D F W M
P C F H P
Q A g z Q
   (15) 
where  
( ) ( )2 211, , , , , 1, , , , ,
A
A B D C F H Q z z f zf f dA= ∫  (16a) 
55S
A
A Q dA= ∫   (16b) 
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( )( )2 11 0 3
2
1
0
T
x
T h
x
hT
x
T
x
N
zM
Q z T T dz
zP
Q
α
−
   
   
   = −   
   
     
∫   (16c) 
It is noticeable that TxM and 
T
xP are neglected in this paper. 
2.6. Governing equations of motion and the state space solution 
By substituting Eqs. (9), (11) and (12) into Eq. (8), integrating the equation by part, and collecting 
the coefficients of , xUd dϕ  and Wd  , the governing equations of motion are obtained as: 
' '
0 1x f xN I U I W I ϕ= − +     (17a) 
'' '' ' '' '
0 0 1 2x fz xM PW I W I U I W I ϕ− = + − +     (17b) 
2
' '( )x xz f fz xfP Q g z I U I W I ϕ− = − +    (17c) 
By using the state space approach [34], the displacement components can be expressed as: 
( )
( )
( )
( )
( )
( )
,
,
,
i t
x x
U x t U x
x t x e
W x t W x
ωϕ ϕ
   
   =   
   
   
   (18) 
where ω   is the eigen-frequency.  
2.6.1. Vibration analysis 
By substituting Eq. (18) into Eq. (17), a system of ordinary differential equations is obtained: 
'' ' '''
1 2 3 4xU a U a a W a Wϕ= + + +    (19a) 
'' ' '''
5 6 7 8x xa U a a W a Wϕ ϕ= + + +  (19b) 
( ) ' ' ''
9 10 11 12
iv
xW a U a a W a Wϕ= + + +  (19c) 
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where the coefficients na  are described as:  
1 8 3 4
1 2
2 8 4 – 
e e e ea
e e e
−
=  ,  3 8 4 72 2
2 8 4 – 
e e e ea
e e e
−
= , 5 8 4 93 2
2 8 4 – 
e e e ea
e e e
−
= , 6 8 4 104 2
2 8 4 – 
e e e ea
e e e
− +
= , 
2 3 1 4
5 2
2 8 4 – 
e e e ea
e e e
−
=  ,  2 7 3 46 2
2 8 4 – 
e e e ea
e e e
−
= , 2 9 4 57 2
2 8 4 – 
e e e ea
e e e
−
= , 2 10 4 68 2
2 8 4 – 
e e e ea
e e e
− +
= , 
51 6 5 10
9
12 4 6 8 10 
a e a ea
e a e a
e
e−
−
−
+
=  ,  92 6 6 1010
12 4 6 8 10 
a e a ea
e a e e
e
a
+
=
−
−
−
, 111
12 4 6 8 10 
ea
e a e a e−−
= , 3 6 7 1012
12 4
1 0
6 8 10
1
 
ea e a ea
e
P
e a e a
+ +
−−
+
= , 
in which 
2
1 0e I ω= −  ,  2e A= , 
2
3 1e J ω= − , 4e C= , 
2
5 1e I ω= , 6e B= − ,  
2
7 2 se K Aω= − + , 8e H= , 
2
9 2e J ω= , 10e F= − , 
2
11 2e I ω= , 12e D= − , 
The systems of Eq. (19) can be converted into a matrix form using state space approach as:  
' ( ) ( )=x xZ TZ    (20) 
where the variables are { }' ' ' '' '''( ) , , , , , , ,ϕ ϕ= x xx U U W W W WZ ; and matrix [ ]T  is defined as: 
[ ]
1 2 3 4
5 6 7 8
9 10 11 12
0 1 0 0 0 0 0 0
0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0
 
 
 
 
 
 =  
 
 
 
 
  
a a a a
a a a a
a a a a
T   (21) 
A formal solution of Eq. (20) is given by: 
( ) = xx eTZ K   (22) 
where { }K  is a constant column vector determined from the boundary conditions at / 2x a= ± ; and 
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  
xeT  is the general matrix solution of Eq. (22) which can be expressed as: 
[ ] [ ]
1
8
1
0
0
λ
λ
−
 
 =  
  
   
x
x
x
e
e
e
T E E  (23) 
in which{ }λ  and [ ]E  are the eigenvalues and corresponding eigenvectors, respectively, associated 
with the matrix[ ]T . 
The boundary conditions expressed in terms of displacement variables is 
Clamped (C):  ' 0xU W Wϕ= = = =   (24a) 
Pinned (P):  ' '' ' ' '' ' 0x xU W AU FW H BU DW Fϕ ϕ= = − + = − + =   (24b) 
Free (F):  
' '' ' ' '' ' ' '' '
'' ''' '' 2 2 2 '
1 2 2 0
x x x
x x
AU BW C BU DW F AU FW H
BU DW F I U J I W
ϕ ϕ ϕ
ϕ ω ω ϕ ω
− + = − + = − +
= − + + + − =
  (24c) 
2.6.2. Buckling analysis 
Similar to the process carried out in previous section, by neglecting some terms related to time 
derivatives and frequencies, the system of equations expressed in the state space formulation as: 
'' '''
2 4xU a a Wϕ= +    (25a) 
'' '''
6 8xa a Wϕ ϕ= +  (25b) 
( ) ' ''
10 12
iv
xW a a Wϕ= +  (25c) 
where the primary variables are reduced to { }' ' '' '''( ) , , , , ,ϕ ϕ= x xx W W W WZ . Since Eq. (25a) is a 
induced equation; matrix T, in this case, is assembled by neglecting the first 2 rows and 2 columns of 
matrix [ ]T  in Eq. (21). 
In addition, because of the multiplicity in eigenvalues ( 1 2 0λ λ= = ), Jordan canonical form is applied 
 10 
for the general matrix solution:  
[ ] [ ]
3
4
5
6
1
1 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
λ
λ
λ
λ
−
 
 
 
 
=  
 

  

 
 
x
x
x
x
x
e
e
e
e
e
x
T E E  (26) 
The boundary conditions expressed in terms of displacement variables in the buckling problem is: 
Clamped (C):  ' 0x W Wϕ = = =   (27a) 
Pinned (P):  ' '' 0x x Wϕ ϕ= = =   (27b) 
Free (F): ( ) ( )' '' ' '''2 6 0 4 8 0x xW Ba Fa PW Ba Fa D Wϕ ϕ= = + − + + − =   (27c) 
Substituting Eq. (22) into the appropriate boundary conditions in Eq. (24) or Eq. (27), the 
homogeneous system of equations is obtained in the form: 
0=xeT K   (28) 
The non-trivial solutions for Eq. (28) require the determinant of   
xeT being zero, from which the 
frequency or the buckling temperature can be achieved. Due to the presence of frequency or the 
temperature in   
xeT , the trial-error process is needed for the solutions.  
3. Numerical Examples and Discussion  
3.1. Mechanical loads 
This section has the aim of presenting a number of results derived from vibration and buckling 
analyses performed on Al2O3/Fe and Al2O3/Al beams under axial load. The ceramic component is 
Al2O3 ( )3380 , 3800 /c mE GPa kg mρ= = and the metal is either structural steel 
( )3210 , 7800 /m mE GPa kg mρ= =   or Al ( )370 , 2702 /m mE GPa kg mρ= = . The Poisson’s ratio is 
assumed to be constant and indicated in Tables 2-5. In these tables, the dimensionless natural 
frequencies and buckling loads are 
2
m
m
a
h E
ρ
ω ω= and 
2
3
12
m
aP P
E h
= . The first five natural frequencies, 
critical buckling loads of Al2O3/Fe and Al2O3/Al beams with various boundary conditions are 
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displayed in Tables 2-5. It can be seen that the current solutions are in excellent agreement with 
previous studies for both vibration ([2], [4], [10], [14]) and buckling problems ([10], [33]). It is clear 
that the critical buckling loads are calculated directly in section 2.6.2. However, they can also be 
determined by increasing the axial force until the lowest natural frequency vanishes. By using this 
way, load-frequency curves can be plotted and used to explain the duality between the buckling load 
and natural frequency. The first load-frequencies with various material parameters and the first five 
load – frequency curves with 0.5p =  of C-C Al2O3/Al beams are plotted in Figs. 3 and 4. It can be 
seen that the increase of p  leads to the reduction of frequencies in any axial load values. As 
expected, the bending natural frequencies decrease as the axial force changes from tension to 
compression, while the axial modes (mode 3 for 5a h =  and mode 5 for 20a h = ) are almost 
constant. It is from load-frequency curves that for ( )5, 0.5a h p= =  (Fig. 4), the first, second, third 
and fourth buckling occurs at 𝑃𝑃� = 103.732, 161.925, 237.383 and 274.285, respectively. 
3.2 Thermal loads 
The following section aims to present the results derived from thermal vibration and buckling 
analyses of various FG beams including Si3N4/SUS304, Al2O3/SUS304, ZrO2/SUS304 and ZrO2/Ti-
6Al-4V. The temperature-dependent properties of these materials are given in Table 1. Three types of 
temperature distribution through the thickness, which are Uniform Temperature Rise (UTR), Linear 
Temperature Rise (LNR) and Non-linear Temperature Rise (NLNR), are considered. The temperature 
distributions and Young’s modulus along the thickness direction for Si3N4/SUS304 beam at 0T∆ =  
and 900K is plotted in Fig. 5. 
3.2.1 Uniform Temperature Rise (UTR) 
This example aims to verify the accuracy further in thermal vibration and buckling behaviours and to 
investigate the thermal effect of Temperature Independent (TID) and Temperature Dependence (TD) 
material properties. The temperature is assumed to be uniform through the thickness. In order to 
verify with Wattanasakulpong et al. [31], the elastic constants of FG beams in this example are taken 
as ( )11 21
E z
Q
υ
=
−
 and ( )
( )55 2 1 υ
=
+
E z
Q ; and the thermal stresses are calculated as ( ) ( )Δ
1
T
x
E z z Tα
σ
υ
= −
−
. 
The following dimensionless critical temperatures and natural frequencies are used: 
2
Δ cr m
aT
h
λ α =  
 
 and 
( )
2
0
/2
/2
Ω h
h
Ia
h E z dz
ω
−
=
∫
 with mα  being thermal expansion of metals at 
( )300mT K= .  
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Tables 6-8 present the critical temperatures and fundamental frequencies of various FG beams under 
UTR. The present TID and TD solutions are in good agreement with those from [31] for all boundary 
conditions and slenderness ratios. These tables also reveal that the TD solution gives significantly 
lower values compared to TID one, which highlights the importance of temperature dependence in 
FG beams. Due to this reason, only TD solution is used in the rest of the paper. It can be seen from 
Table 7 that the difference in buckling behaviour of Si3N4 and Al2O3 in combination with SUS304 is 
significant inspite of a slight difference of properties between these two ceramics, whose material 
properties are shown in Fig. 2. In addition, Ti-6Al-4V presents a much higher buckling temperature 
over SUS304 in the mixture with the ceramic ZrO2, especially with a high volume of metal.  
The effect of temperature on the fundamental frequencies of various FG beams with 0.2p =  and 2 
are illustrated in Fig. 6. As the temperature increases, the fundamental frequencies decrease and 
finally vanish at the critical temperature points. That is also the characteristic of frequency-
temperature curves, which can be used to determine the critical temperature of FG beams. For 
example, with 2p = , the critical temperatures of Si3N4/SUS304, Al2O3/SUS304 and ZrO2/SUS304 
beams are 401.25, 415.14 and 240.65 (K), respectively.   
3.2.2 Linear Temperature Rise (LNR) and Nonlinear Temperature Rise (NLNR) 
The comparison between UTR and LNR solutions as well as LNR and NLNR solutions for the 
critical temperatures and natural frequencies of FG beams is given in Tables 9-12. The following 
dimensionless natural frequency is used: 2Ω ω
ρ
= c
c
Aa
E I
. The results reported by Ebrahimi and Salari 
[35] for the case of P-P beams using the FOBT are also given for the verification purpose. A good 
agreement between the present results with previous ones can be observed for various p values. For 
all boundary conditions and material parameters, the LNR results are significantly greater than those 
from the UTR. It should be noted that there are some limitations for thermal buckling of moderate 
thick beams since their critical temperatures are greater than the melting point of the metals, for 
example with Si3N4/SUS304 C-C beam ( )20, 0a h p= =  in Table 9. As expected, the critical 
temperatures obtained from LNR and NLNR are the same for isotropic beams (Table 12). As p  
increases, the difference becomes more pronounced with higher values for NLNR solution. Fig. 7 
illustrates the critical temperatures of C-P FG beams under LNR versus material parameters. It is 
clear that with the increase of p , the critical temperatures of Si3N4/SUS304 and Al2O3/SUS304 
beams decrease, whereas those of ZrO2/SUS304 and ZrO2/Ti-6Al-4V beams increase. Comparing the 
buckling temperature of ZrO2/SUS304 and ZrO2/Ti-6Al-4V beams, values for the latter is lower for 
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0 1.2p≤ ≤  but higher for 1.2p >  (Fig. 7). A general view of UTR, LNR and NLNR solutions can be 
seen in Fig. 8. The difference of UTR solution and the others are enormous for thick beams and less 
significant for thin beams. Lastly, a comprehensive 3D interaction diagram of the natural 
frequencies, temperature and material parameters is plotted in Fig. 9. With a specific value of p , the 
natural frequencies of ZrO2/SUS304 beams are smaller than those of Si3N4/SUS304 beams at the 
same temperature.  
4. Conclusions 
Analytical solutions based on the state space approach are developed to study vibration and buckling 
behaviours of FG beams under mechanical/thermal loads using a high-order beam theory. Equations 
of motion derived from Hamilton’s principle. The natural frequencies, critical buckling loads, critical 
temperatures, load-frequency curves and temperature-frequencies curves of FG beams are 
investigated. The results obtained from temperature dependent solution are significantly lower than 
those of temperature independent one especially for thick beams. The effects of temperature 
distribution through the thickness on natural frequencies and critical temperatures are also 
investigated. The present model is found to be appropriate and efficient in analysing the vibration 
and buckling of FG beams under mechanical/ thermal loads. 
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Table 1: Temperature-dependent coefficients for ceramics and metals [33, 36]. 
Materials Proprieties P0 P−1 P1 P2 P3 
ZrO2 ( )E Pa    244.27e+9  0.0 −1.371e−3  1.214e−6 −3.681e−10 
 ( )1/ Kα      12.766e−6  0.0 −1.491e−3  1.006e−5 −6.778e−11 
 ( )/W mKκ       1.7  0.0  1.276e−4  6.648e−8   0.0 
 υ      0.2882  0.0  1.133e−4   0.0   0.0 
 ( )3/kg mρ   3000  0.0  0.0  0.0   0.0 
Ti–6Al–4V ( )E Pa    122.56e+9  0.0 −4.586e−4  0.0   0.0 
 ( )1/ Kα       7.5788e−6  0.0  6.638e−4 −3.147e−6   0.0 
 ( )/W mKκ       1  0.0  1.704e−2   0.0   0.0 
 υ      0.2884  0.0  1.121e−4   0.0   0.0 
 ( )3/kg mρ   4429  0.0  0.0   0.0   0.0 
Al2O3 ( )E Pa    349.55e+9  0.0 −3.853e−4   4.027e−7 −1.673e−10 
 ( )1/ Kα       6.8269e−6  0.0  1.838e−4   0.0  0.0 
 ( )/W mKκ       0.26  0.0  0.0   0.0  0.0 
 υ   3800  0.0  0.0   0.0  0.0 
Si3N4 ( )E Pa    348.43e+9  0.0 −3.070e−4   2.160e−7 −8.946e−11 
 ( )1/ Kα       5.8723e−6  0.0  9.095e−4   0.0  0.0 
 ( )/W mKκ      13.723  0.0 −1.032e−3   5.466e−7 −7.876e−11 
 υ      0.24  0.0  0.0   0.0  0.0 
 ( )3/kg mρ   2370  0.0  0.0   0.0  0.0 
SUS304 ( )E Pa    201.04e+9  0.0  3.079e−4 −6.534e−7  0.0 
 ( )1/ Kα      12.330e−6  0.0  8.086e−4  0.0  0.0 
 ( )/W mKκ      15.379  0.0 −1.264e−3  2.092e−6 −7.223e−10 
 υ      0.3262  0.0 −2.002e−4  3.797e−7  0.0 
 ( )3/kg mρ   8166  0.0  0.0  0.0  0.0 
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 Table 2: The first five natural frequencies of Al2O3/Fe beam ( )5, 0.23a h υ= = .  
BCs Mode HOBT [4]   Present  
p = 0 1 5  p = 0 1 5 
C–C 1 10.1083 7.1931 5.9855  10.0900 7.1792 5.9733 
 2 23.4657 16.6790 13.7711  23.3851 16.6227 13.7217 
 3 30.1621 21.6365 17.5660  30.0429 21.5514 17.4969 
 4 39.5482 28.1168 23.1248  39.3343 27.9666 22.9966 
 5 56.9319 40.5008 33.2252  56.6051 40.2698 33.0330 
C–P 1 7.4965 5.3367 4.4732  7.4820 5.3258 4.4630 
 2 20.8194 14.7529 12.2782  20.7202 14.6850 12.2137 
 3 30.1051 21.5866 17.5253  30.0429 21.5411 17.4888 
 4 37.1746 26.3968 21.8323  36.9144 26.2154 21.6648 
 5 55.0385 39.1297 32.2220  54.5653 38.7958 31.9196 
P-P 1 5.1421 3.6904 3.1102  5.1328 3.6838 3.1036 
 2 17.9856 12.6934 10.6599  17.8919 12.6305 10.5962 
 3 30.0429 21.5385 17.4859  30.0429 21.5363 17.4851 
 4 34.6496 24.5556 20.4458  34.3664 24.3597 20.2538 
 5 52.9685 37.6354 31.1266  52.4237 37.2521 30.7598 
C-F 1 1.8859 1.3370 1.1330  1.8856 1.3366 1.1328 
 2 10.2557 7.2519 6.0953  10.2424 7.2424 6.0869 
 3 15.0556 10.8759 8.8021  15.0215 10.8509 8.7820 
 4 24.6380 17.4526 14.5612  24.5760 17.4088 14.5232 
 5 41.2404 29.2206 24.2486  41.0964 29.1177 24.1625 
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Table 3: The first five natural frequencies of Al2O3/Al beams ( )5, 0.3a h υ= = .  
BCs Mode Theory p       
   0 0.2 0.5 1 2 5 10 
C-C 1 Present 10.0670 9.4610 8.7430 7.9479 7.1749 6.4920 6.1637 
  
HOBT [4] 10.0858 9.4789 8.7614 7.9680 7.1963 6.5120 6.1809 
  
HOBT [10] 9.9984 9.3834 – 7.1905 7.1901 6.6447 6.3161 
 
2 Present 23.2348 21.9426 20.3696 18.5535 16.6326 14.6873 13.8331 
  
HOBT [4] 23.1004 21.7700 20.2077 18.4654 16.7457 15.2301 14.3617 
  
HOBT [10] 23.8754 22.4840 – 19.0494 17.2924 15.7868 14.9035 
 
3 Present 30.2314 28.8710 27.2560 25.2965 22.8618 19.7959 18.1426 
  
HOBT [4] 30.3513 28.9837 27.3569 25.3859 22.9576 19.9122 18.2304 
  
HOBT [10] 30.2391 28.8837 – 25.3746 23.0112 19.9634 18.2321 
 
4 Present 38.9966 36.9209 34.3634 31.3450 28.0113 24.4518 22.9386 
  
HOBT [4] 38.6867 36.5446 34.0075 31.1243 28.1712 25.4176 23.8724 
  
HOBT [10] 38.1841 36.0793 – 30.7500 27.8331 25.0901 23.5501 
 
5 Present 56.0388 53.1438 49.5539 45.2610 40.3898 34.9988 32.7237 
C-P 1 Present 7.4872 7.0190 6.4853 5.9194 5.3973 4.9555 4.7096 
 
2 Present 20.6436 19.4245 17.9412 16.2594 14.5784 13.0744 12.4237 
 
3 Present 30.2314 28.8346 27.0942 24.9211 22.3225 19.4312 17.9731 
 
4 Present 36.6649 34.6508 32.2123 29.4057 26.3838 23.2037 21.8094 
 
5 Present 54.0805 51.2108 47.6537 43.4538 38.8345 33.8788 31.7447 
P-P 1 Present 5.1528 4.8373 4.5328 4.2551 4.0060 3.7055 3.4513 
  
HOBT [4] 5.1629 4.8459 4.5405 4.2632 4.0165 3.7178 3.4617 
  
HOBT [2] 5.1527 4.8092 4.4111 3.9904 3.6264 3.4012 3.2816 
 
2 Present 17.8812 16.7457 15.3460 13.7721 12.2950 11.2435 10.8417 
  
HOBT [4] 17.8908 16.7317 15.3306 13.7778 12.3619 11.4822 11.1126 
  
HOBT [18] 17.8812 – 15.4588 14.0100 12.6405 11.5431 11.0240 
 
3 Present 30.2314 28.8216 27.0409 24.8044 22.1397 19.2751 17.8986 
  
HOBT [4] 30.2314 28.8311 27.0804 24.9042 22.3517 19.5600 18.0553 
 
4 Present 34.2097 32.2316 29.8178 27.0642 24.2724 21.6679 20.5189 
  
HOBT [4] 34.2103 32.1672 29.7504 27.0657 24.4881 22.4290 21.3110 
 
(3rd) HOBT [18] 34.2097 – 29.8382 27.0979 24.3152 21.7158 20.5561 
 
5 Present 52.0266 49.2114 45.7758 41.7866 37.4666 32.8483 30.8097 
C-F 1 Present 1.8952 1.7659 1.6180 1.4633 1.3325 1.2592 1.2183 
  
HOBT [4] 1.8955 1.7663 1.6187 1.4645 1.3341 1.2605 1.2192 
  
HOBT [2] 1.8952 1.7664 1.6182 1.4633 1.3325 1.2592 1.2183 
 
2 Present 10.2449 9.6009 8.8376 8.0000 7.2165 6.6126 6.3329 
 
3 Present 15.1157 14.4405 13.6509 12.7064 11.5380 10.0175 9.1418 
 
4 Present 24.4943 23.0540 21.3108 19.3344 17.3571 15.5929 14.8146 
 
5 Present 40.8428 38.5697 35.7680 32.5036 29.0633 25.7015 24.2665 
  
 23 
 
Table 4: The first five natural frequencies of Al2O3/Al beams ( )20, 0.3a h υ= = .  
BCs Mode Theory p       
   0 0.2 0.5 1 2 5 10 
C-C 1 Present 12.2220 11.3829 10.4264 9.4304 8.5964 8.1433 7.8843 
  HOBT [4] 12.2256 11.3873 10.4344 9.4438 8.6138 8.1587 7.8947 
  HOBT [2] 12.2238 11.3873 10.4287 9.4316 8.5975 8.1446 7.8858 
 2 Present 32.9847 30.7531 28.1961 25.5135 23.2256 21.8774 21.1323 
  HOBT [4] 33.0067 30.7650 28.2156 25.5579 23.3181 22.0692 21.3200 
  HOBT [10] 33.1335 30.8452 – 25.6223 23.3691 22.1345 21.4015 
 3 Present 62.9501 58.7652 53.9394 48.8302 44.3784 41.5305 40.0120 
 4 Present 100.8042 94.2319 86.5989 78.4340 71.1524 66.1173 63.5259 
 5 Present 120.9255 115.5023 109.1142 101.4369 91.9532 79.7556 72.8650 
C-P 1 Present 8.4818 7.9048 7.2661 6.6185 6.0825 5.7590 5.5394 
 2 Present 27.0325 25.1934 23.1060 20.9382 19.1105 18.0472 17.4270 
 3 Present 55.0943 51.3918 47.1428 42.6752 38.8332 36.4777 35.1962 
 4 Present 91.5210 85.4580 78.4155 70.9138 64.3101 59.9881 57.8131 
 5 Present 120.9255 115.3858 108.4948 99.7472 89.6828 78.6828 72.4547 
P-P 1 Present 5.4603 5.1145 4.7882 4.5023 4.2679 4.0062 3.7385 
  HOBT [4] 5.4606 5.1147 4.7884 4.5024 4.2682 4.0064 3.7386 
  HOBT [2] 5.4603 5.0829 4.6516 4.2050 3.8361 3.6485 3.5390 
 2 Present 21.5733 20.0862 18.3863 16.6132 15.1294 14.3430 13.9072 
  HOBT [4] 21.5755 20.0852 18.3849 16.6146 15.1402 14.3804 13.9476 
  HOBT [18] 21.5732 – 18.3962 16.6344 15.1619 14.3746 13.9263 
 3 Present 47.5930 44.3860 40.7701 37.0322 33.8617 31.8877 30.7013 
  HOBT [4] 47.6037 44.3818 40.7639 37.0394 33.9159 32.0700 30.8925 
  HOBT [18] 47.5930 – 40.6526 36.7679 33.4689 31.5780 30.5369 
 4 Present 82.4440 76.8748 70.3592 63.4075 57.3561 53.7341 52.0589 
 5 Present 120.9255 115.3797 107.1710 97.0194 88.0267 78.5197 72.3662 
C-F 1 Present 1.9496 1.8142 1.6603 1.5011 1.3696 1.3034 1.2645 
  HOBT [4] 1.9496 1.8143 1.6609 1.5021 1.3711 1.3046 1.2653 
  HOBT [2] 1.9495 1.8146 1.6605 1.5011 1.3696 1.3033 1.2645 
 2 Present 12.0763 11.2437 10.2952 9.3090 8.4866 8.0519 7.8031 
 3 Present 33.2090 30.9454 28.3548 25.6435 23.3493 22.0546 21.3370 
 4 Present 60.4627 57.7450 54.1826 49.0669 44.5516 39.8371 36.4295 
 5 Present 63.4715 59.2190 54.6881 50.7995 46.1233 42.0226 40.5138 
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Table 5: Dimensionless critical buckling loads of Al2O3/Al beams ( )0.23υ = .  
a/h BCs Theory p      
   0 0.5 1 2 5 10 
5 C-C Present 154.534 103.732 80.566 61.733 47.468 41.759 
  HOBT [10] 154.550 103.732 80.609 61.793 47.756 41.804 
  FOBT [37] 154.350 103.220 80.498 62.614 50.384 44.267 
 C-P Present 90.022 59.500 46.107 35.568 28.387 25.203 
  FOBT [37] 97.580 64.052 49.497 38.576 32.000 28.731 
 P-P Present 48.648 31.987 24.648 19.109 15.664 14.098 
  HOBT [10] 48.840 32.009 24.691 19.161 15.740 14.147 
  FOBT [37] 48.835 31.967 24.687 19.245 16.024 14.427 
 C-F Present 13.043 8.293 6.500 4.931 4.270 3.848 
  HOBT [10] 13.077 8.502 6.543 5.098 4.278 3.882 
  FOBT [37] 13.213 8.578 6.600 5.150 4.345 3.950 
10 C-C Present 195.179 127.876 98.625 76.622 62.902 56.431 
  HOBT [10] 195.361 128.050 98.787 76.668 62.979 56.597 
  FOBT [37] 195.340 127.870 98.749 76.980 61.062 57.708 
 C-P Present 103.596 67.284 51.264 40.584 33.108 29.904 
  FOBT [37] 106.330 69.154 52.251 41.535 33.436 31.705 
 P-P Present 52.204 33.478 26.102 19.860 17.023 15.321 
  HOBT [10] 52.308 34.009 26.173 20.394 17.112 15.529 
  FOBT [37] 52.309 33.996 26.171 20.416 17.192 15.612 
 C-F Present 13.173 8.523 6.586 5.037 4.262 3.874 
  HOBT [10] 13.374 8.671 6.668 5.203 4.398 4.005 
  FOBT [37] 13.349 8.657 6.657 5.194 4.209 3.997 
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Table 6: Dimensionless critical temperatures of Al2O3/SUS304 beams under UTR ( )0.3p = .  
 a/h  20    40   
 BCs  C-C C-P P-P  C-C C-P P-P 
TID HOBT [31]  4.1231 2.1418 1.0650  4.2251 2.1740 1.0685 
 Present  4.1545 2.4206 1.1319  4.2349 2.2709 1.0861 
TD HOBT [31]  3.4279 1.9274 1.0036  3.9992 2.1081 1.0527 
 Present  3.4246 1.9165 0.9924  3.9695 2.0902 1.0353 
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Table 7: The critical temperatures of various FG beams under UTR ( )30a h = .  
BCs Materials  Theory TID     TD    
p = 0 1 5 10  p = 0 1 5 10 
P-P Si3N4/SUS304 HOBT [31] 1.348 0.876 0.750 0.712  1.185 0.805 0.697 0.664 
  Present 1.307 0.866 0.744 0.710  1.151 0.796 0.693 0.663 
 Al2O3/SUS304 HOBT [31] 1.376 0.880 0.747 0.708  1.326 0.827 0.698 0.662 
  Present 1.347 0.870 0.740 0.705  1.296 0.817 0.694 0.661 
 ZrO2/SUS304 HOBT [31] 0.518 0.565 0.589 0.600  0.416 0.481 0.530 0.549 
  Present 0.514 0.562 0.588 0.600  0.414 0.479 0.529 0.549 
 ZrO2/Ti-6Al-4V Present 0.514 0.715 1.091 1.227  0.414 0.583 1.003 8.104 
C-P Si3N4/SUS304 Present 2.654 1.758 1.510 1.440  2.115 1.503 1.321 1.267 
 Al2O3/SUS304 Present 2.732 1.767 1.502 1.430  2.526 1.567 1.329 1.267 
 ZrO2/SUS304 Present 1.042 1.143 1.194 1.217  0.715 0.850 0.977 1.029 
 ZrO2/Ti-6Al-4V Present 1.042 1.453 2.212 2.489  0.715 1.009 1.865 9.285 
C-C Si3N4/SUS304 Present 5.130 3.398 2.917 2.782  3.559 2.609 2.333 2.244 
 Al2O3/SUS304 Present 5.280 3.415 2.902 2.763  4.540 2.769 2.364 2.254 
 ZrO2/SUS304 Present 2.013 2.207 2.309 2.352  1.117 1.363 1.642 1.762 
 ZrO2/Ti-6Al-4V Present 2.013 2.809 4.269 4.806  1.117 1.570 3.070 8.104 
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Table 8: Fundamental frequency with respect to the temperature rise of Al2O3/SUS304 beams  
under UTR ( )20a h = . 
   p = 0.2   p = 2   
 BCs Theory ∆T = 0 50 100  ∆T = 0 50 100 
TID C-C HOBT [31] 6.6394 6.1189 5.5452  6.7355 5.9802 5.1028 
  Present 6.6371 6.1209 5.5489  6.7366 5.9834 5.1125 
 C-P Present 4.5898 3.8574 2.9297  4.6653 3.5731 1.8925 
 P-P Present 2.9506 1.8450 -  3.0129 1.1816 - 
TD C-C HOBT [31] 6.6394 6.1109 5.5081  6.7335 5.9581 4.9965 
  Present 6.6371 6.1142 5.5141  6.7366 5.9631 5.0068 
 C-P Present 4.5898 3.8437 2.8608  4.6653 3.5391 1.5946 
 P-P Present 2.9506 1.8220 -  3.0129 1.0868 - 
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Table 9: The critical temperatures of Si3N4/SUS304 beams under UTR and LNR. 
a/h BCs Theory UTR    LNR   
   p = 0 1 5  p = 0 1 5 
40 P-P Present 51.72 34.69 29.95  125.00 85.94 71.88 
  FOBT [35] – – –  127.33 84.62 69.43 
 C-P Present 102.02 69.26 59.96  246.88 175.00 146.88 
 C-C Present 187.87 129.87 113.01  451.56 328.13 279.69 
20 P-P Present 187.88 129.87 113.01  451.56 328.13 279.69 
 C-P Present 345.14 245.24 215.51  814.06 612.50 531.25 
 C-C Present 580.66 425.69 380.61  –* 1062.50 957.81 
(–*) This value does not exist since the critical temperature of FG beams is higher 
than the melting point ( )0mE =   
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Table 10: Dimensionless natural frequencies of P P−  Si3N4/SUS304 beams under UTR and LNR
( )20a h = . 
∆T Mode Theory UTR    LNR   
   p=0 1 5  p=0 1 5 
10 1 FOBT [35] – – –  9.6461 5.7717 4.6925 
  Present 2.8842 2.7347 2.4845  9.6843 5.8432 4.7454 
 2 FOBT [35] – – –  38.6688 23.2890 19.0001 
  Present 11.5991 11.4594 11.2261  38.6698 23.2942 19.0058 
 3 FOBT [35] – – –  85.5816 51.5787 42.0838 
  Present 25.6350 25.5020 25.2740  85.4928 51.5782 42.0626 
30 1 FOBT [35] – – –  9.4538 5.6105 4.5363 
  Present 2.8450 2.6157 2.2158  9.4864 5.6727 4.5792 
 2 FOBT [35] – – –  38.4794 23.1492 18.8693 
  Present 11.4678 11.2543 10.9045  38.4431 23.1103 18.8315 
 3 FOBT [35] – – –  85.3911 51.4659 41.9855 
  Present 25.4240 25.2178 24.8745  85.2146 51.3662 41.8680 
60 1 FOBT [35] – – –  9.1475 5.3537 4.2875 
  Present 2.9109 2.6325 2.1295  9.1774 5.4030 4.3136 
 2 FOBT [35] – – –  38.1838 22.9319 18.6672 
  Present 11.8148 11.5484 11.1378  38.0975 22.8282 18.5625 
 3 FOBT [35] – – –  85.0946 51.2893 41.8321 
  Present 26.1669 25.9057 25.4947  84.7945 51.0434 41.5692 
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Table 11: Fundamental frequency of Si3N4/SUS304 beams under LNR and NLNR ( )20a h = . 
BCs Temperature 
distribution 
∆T(K) = 20    40    80   
 p=0.1 0.5 1  p=0.1 0.5 1  p=0.1 0.5 1 
C-C LNR [38] 19.6398 15.2580 13.3671  19.5436 15.1759 13.2905  19.3420 15.0040 13.1304 
 Present 19.3371 15.0222 13.1554  19.2191 14.9156 13.0533  18.9778 14.6972 12.8431 
 NLNR [38] 19.6390 15.2501 13.3558  19.5449 15.1635 13.2715  19.3552 14.9886 13.1011 
 Present 19.3379 15.0244 13.1579  19.2211 14.9212 13.0597  18.9832 14.7115 12.8600 
C-P LNR [38] 13.4380 10.4238 9.1227  13.3037 10.3040 9.0082  13.0201 10.0515 8.7674 
 Present 13.3373 10.3526 9.0635  13.1893 10.2165 8.9317  12.8837 9.9342 8.6571 
 NLNR [38] 13.4395 10.4211 9.1178  13.3105 10.3020 9.0018  13.0483 10.0594 8.7648 
 Present 13.3382 10.3553 9.0669  13.1920 10.2237 8.9404  12.8907 9.9533 8.6801 
P-P LNR [38] 8.4634 6.5415 5.7114  8.2781 6.3717 5.5469  7.8795 6.0063 5.1927 
 Present 8.4716 6.5742 5.7588  8.2802 6.3957 5.5847  7.8766 6.0166 5.2128 
 NLNR [38] 8.4675 6.5437 5.7124  8.2911 6.3803 5.5527  7.9265 6.0402 5.2186 
 Present 8.4730 6.5779 5.7632  8.2837 6.4055 5.5965  7.8861 6.0431 5.2448 
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Table 12: The critical temperatures of various FG beams under LNR and NLTR with various material 
parameters ( )20a h = . 
BCs Materials Temperature 
distribution 
p      
0 0.5 1 2 5 10 
C-C Si3N4/SUS304 LNR - 1142.19 1062.50 1004.69 957.81 921.88 
  NLNR - - - 1132.50 1042.50 972.50 
 ZrO2/SUS304 LNR 390.74 421.17 438.14 465.66 521.28 583.24 
  NLNR 390.74 492.47 532.42 565.64 605.16 642.05 
 ZrO2/Ti-6Al-4V LNR 390.40 404.79 431.43 484.90 625.60 828.12 
  NLNR 390.40 449.57 484.92 539.57 668.54 853.83 
C-P Si3N4/SUS304 LNR 814.06 667.19 612.50 570.31 531.25 507.81 
  NLNR 814.06 736.25 688.75 637.50 572.50 531.25 
 ZrO2/SUS304 LNR 258.41 279.66 289.76 305.47 336.40 365.50 
  NLNR 258.41 330.88 357.72 377.09 393.99 406.30 
 ZrO2/Ti-6Al-4V LNR 259.23 268.78 286.47 325.85 428.52 565.48 
  NLNR 259.23 302.11 325.87 366.91 461.02 587.44 
P-P Si3N4/SUS304 LNR 451.56 360.94 328.13 301.56 279.69 265.63 
  NLNR 451.56 388.75 357.50 327.50 293.75 273.75 
 ZrO2/SUS304 LNR 155.05 167.79 173.86 179.21 192.87 204.68 
  NLNR 155.05 201.63 216.12 227.83 230.85 231.72 
 ZrO2/Ti-6Al-4V LNR 155.54 163.42 174.17 200.72 263.97 343.81 
  NLNR 155.54 183.68 200.73 228.95 287.68 361.86 
(-) These values do not exist since the critical temperature of FG beams is higher than the melting point 
( )0mE =  
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Fig. 1: Coordinates of FG beam and temperature distributions. 
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Fig. 2: Young’s modulus and thermal expansion of ceramics and metals with respect to the 
temperature change. 
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Fig. 3: The effect of material parameters on the first load – frequency curves of C C−  Al2O3/Al 
beams ( )5a h = . 
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a) 5a h =  
  
b) 20a h =  
Fig. 4. The first five load – frequency curves of C C−  Al2O3/Al beams ( )0.5p = . 
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a) Temperature distributions. 
  
b) Young’s modulus of Si3N4/SUS304 beams. 
Fig. 5: Temperature distributions and Young’s modulus of Si3N4/SUS304 beams through the 
thickness with 0T∆ =  and  900K. 
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Fig. 6: The first temperature – frequency curves of C C−  FG beams ( )20a h = .  
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Fig. 7: The effect of material parameters on the critical temperatures of various FG beams under 
LNR ( ), 20C P a h− = . 
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Fig. 8: The effect of slenderness ratios on the critical temperatures of C P−  Si3N4/SUS304 beam 
under UTR, LNR and NLNR ( )0.5p = . 
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Fig. 9: Frequency – temperature – material parameter interaction curves of Si3N4/SUS304 and 
ZrO2/SUS304 beams under NLNR. 
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